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Abstract: In this paper, based on Jumarie type of Riemann-Liouville (R-L) fractional integral, we find the exact
solutions of two matrix fractional integrals. Differentiation under fractional integral sign and a new multiplication
of fractional analytic functions play important roles in this article. In fact, our results are generalizations of
classical calculus results.
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I. INTRODUCTION

In recent decades, the applications of fractional calculus in various fields of science is growing rapidly, such as physics,
biology, mechanics, electrical engineering, viscoelasticity, control theory, modelling, economics, etc [1-15]. However, the
rule of fractional derivative is not unique, many scholars have given the definitions of fractional derivatives. The common
definition is Riemann-Liouville (R-L) fractional derivative. Other useful definitions include Caputo fractional derivative,
Grunwald-Letnikov (G-L) fractional derivative, and Jumarie type of R-L fractional derivative to avoid non-zero fractional
derivative of constant function [16-20].

In this paper, based on Jumarie’s modified R-L fractional calculus, we obtain the exact solutions of the following two
matrix a-fractional integrals:
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and
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where 0 < @ < 1, p, q are real numbers, p? + g2 # 0, m is a positive integer, and A is a real matrix. Differentiation under
fractional integral sign and a new multiplication of fractional analytic functions play important roles in this paper. In fact,
our results are generalizations of classical calculus results.

I1. PRELIMINARIES
Firstly, we introduce the fractional calculus used in this paper and its properties.

Definition 2.1 ([21]): Let 0 < a < 1, and x, be a real number. The Jumarie type of Riemann-Liouville (R-L) a-fractional
derivative is defined by

(DO O] = o [ LT gy (1)

I(1-a)dx “Xo (x—t)*
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And the Jumarie type of Riemann-Liouville a-fractional integral is defined by

(ol O] = o fo izt @

where I'( ) is the gamma function.

Proposition 2.2 ([22]): If a,B,x,, C are real numbers and § = « > 0, then

(e D)x = x)F] = 1320 (e = x0)F ®)

and

(x,D5)IC] = 0. (4)
Next, we introduce the definition of fractional analytic function.

Definition 2.3 ([23]): If x, x,, and a; are real numbers for all k, x, € (a,b), and 0 < a < 1. If the function f,: [a,b] —» R
can be expressed as an «-fractional power series, i.e., f,(x%*) =Zfzoﬁ(x—xo)k“ on some open interval

containing x,, then we say that f,(x%) is a-fractional analytic at x,. Furthermore, if f,:[a,b] = R is continuous on
closed interval [a, b] and it is a-fractional analytic at every point in open interval (a, b), then £, is called an a-fractional
analytic function on [a, b].

In the following, a new multiplication of fractional analytic functions is introduced.

Definition 2.4 ([24]): Let 0 < a <1, and x, be a real number. If f,(x%) and g,(x*) are two a-fractional analytic
functions defined on an interval containing x; ,

fa(x*) = Zﬁ:oﬁ(x — xo)"%, ®)
9ax®) = B rpts (= x)™ ©)
Then we define
fa(x*)®q gou(x*)
= S0ty O — %)™ @ Tty (& — %)™
= 20 mmerss (Zmmo () nombm) G = x0)" ()
Equivalently,
fa(x)®¢q 9o (x“)
= Zn=o (:ln (F(a+1) (= x0)* >®“ ®a Tio (F(a+1) (x = XO)(I)&Zn
= %05 (Bheo () tvombin) (g = 200%) ®

Definition 2.5 ([25]): Let0 < a <1, and f,(x%), g, (x%) be two a-fractional analytic functions. Then (fa(x“))®"‘" =

fu(x)Ry ++ p fo(x%) is called the nth power of f,(x*). On the other hand, if f,(x*)®, g.(x%*) = 1, then g, (x%) is

called the ®,, reciprocal of £, (x%), and is denoted by (fa(x“))®“ -

Definition 2.6 ([26]): If 0 < a < 1,and f,(x%), g.(x%) are two a-fractional analytic functions defined on an interval

containing x, ,

a 1 ®qn
folx®) = Tt pos O = X)"™ = Tno 2 (s (8 = %0)%) ©)

I'(a+1)
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®an
(&) = T ps (6 = x0)™ = Bt 2 (i O = %0)%) (10)
The compositions of f, (x%) and g, (x%) are defined by
(f ga)(xa) - fa(ga(xa)) Zn 0, (ga(xa)) (11)
and
( ofa)(x“) - ga(fa(xa)) Zn 0, (fa a)) (12)

Definition 2.7 ([27]): If 0 < a < 1, x is a real number, and A is a real matrix. Then the matrix a-fractional exponential
function is defined by

Eq(Ax®) = Yoo A"

_ 1 @ ®n
I"(na+1) Zn 0 ( F(a+1)x ) ’ (13)

And the matrix a-fractional cosine and matrix a-fractional sine function are defined as follows:

@ v on (_1)nx2na 1 « Qg 2n
€05 (Ax®) = Yrzo A rna+1) = Zn=o (Zn)' (A r(a+1)x ) ' (14)
and
. v on+1 (= 1)nx(2n+1)a o (_1)n 1 @ ®q (2n+1)
Sing (Ax®) = Xnzo A [(2n+a+1) = Y=o (2n+1)! (A F(a+1)x ) ’ (15)

Theorem 2.8 (matrix fractional Euler’s formula) ([28]): If 0 < a@ < 1,i =+/—1, and 4 is a real matrix, then
E,(iAx%) = cos,(Ax%) + isin, (Ax®). (16)
Notation 2.9: If s is a real number, the largest integer less than or equal to s is denoted by |s].

Notation 2.10: If the complex number z = p + iq, where p, q are real numbers, p the real part of z, is denoted by Re(z);
q the imaginary part of z, is denoted by Im(z).

Notation 2.11: If r,s are positive integers, r < s, then ( ) . In addition, we define (0) =1, and (2) = 0 for

l(s r)'
all positive integers r.

Theorem 2.12 (differentiation under fractional integral sign) ([29]): If 0 < a <1, tis a nonzero real variable, and
f.(x%) is a a-fractional analytic function at x = 0, then

(ol falt,x] = (o18) [5 fult, )]
(17)
1. MAIN RESULTS

In this section, we find the exact solutions of two matrix fractional integrals by using differentiation under fractional
integral sign. At first, three lemmas are needed.

Lemma 3.1: If p, q are real numbers, and k is a positive integer, then

p—iQ)*+ (p + ig)k = ZZWZ k. —1)/pk=2ig?, 18
2j
(p— iq)k -+ iq)k _ lel(k 1)/2] (Zl i 1)( 1)1 k—21— 1q21+1 (19)
Proof »—i)* + (p +ig)k

= Shieo (X)) 04 (i + o (£) o4 i)™

= Thieo (X)) pFmgmie=1ym + 130
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=23/ ( k.) (=1)pk-2ig? .
2j
Similarly,
@ —i)* — (@ + i)
= Ym=0 (rlﬁl) P (i)™ = Tzo (YI;) P (i)™
==Z%ﬂ(z)p”mqu—1Y"—1ﬁm

[(k—1)/2] Lpk=21-1,21+1
—2i Y2, (21+1)( Dp q

Lemma 3.2: Let 0 < a < 1, p, q be real numbers, and k be a positive integer, then
ak 0 p N DM k2l (K Njk—2j 2]
dpk (p2+q2) - (p2+q2)k+1z 2j =D’p q=,
L G W G Ol SR I G2V Lpk=21-1g21+1
dpk (p2+q2) T (p2+q2)k+1 41=0 (Zl + 1)( 1) q

ak p )
Proof o (p2+q2

+—=
“dpF\p+iq p-ig

1

- _( Dk [(p T - iq)"“]

— i+ (p + iq)"“]
(pZ + qZ)k+1

~Dkk!- k 2

= %(—1)’%! [(p

And
ak q
d_p"(pz+q2)
d (~yi i
=——+—F
dp*\p+iq p-—iq

3 1d"<1 1)
B 2idp¥\p+iq p-iq

__i( 1)k 1 ]
2 (’p+lq)"+1 (p —ig)*+!

p — i)t — (p + ig)**?
(pZ + qZ)k+1

1 (
— 5 DK [

DR Glk-1)/2] Lpk=21-1,2141
= Gprrqhyiri L1=0 (21+1)( DP

g.e.d.

(20)

(21)

g.e.d.

Lemma 3.3: Let 0 < a <1, p,q be real numbers, p? + g% = 0, and A be a real matrix, then the matrix a-fractional

integrals
(o) [Ex(pAX®)®q c05,(qAx)]| = Ef(pAx®)®, [ e cos,(qAx%) + sma(qAx“)] (22)
(o) [Ea(pAx )8 5ing (qAx)] = Ee(pAX)q [ sing (¢4x) = 1= cos (qAx®)] (23)
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Proof (ol%)[E(pAXx®)®, cos, (qAx™)]
= (o) [Re[Ea(pAx®)®, Eq(iqAx)]|
= Re{( of¢)[Eo((p + ig)Ax™)]}

Eq((p + iq)Ax®)}

{pﬂq

= Re (L0 £, (pAx ) Eoig4x)
= Re {[F-8 £, (pAX)®, [cos, (qAX®) + ising (44x)]}
= E,(pAx))®, [ 5 05a(AX ) + 1 sma(qAx“)].
And
(ofE)[Ex(pAx™)®, sing (qAx®)]
= ((off) |Im[Ea(pAx®)®q Eq (iqAx®)]|
= Im{( o) [Ea((p + iq)Ax™)]}
= Im (- E, ((p + ig)Ax ")

= Im {22 B, (pAx*)®, Eq (iqAx®)}

=1Im {;21272 E,(pAx*)®, [cos,(qAx*) + isina(qAx"‘)]}

=E,(pAx*)Q®, [ Zra 5 Sing (qAx®) ——qcosa(qAx“)]. g.e.d.

Theorem 3.4: 1f 0 < a < 1, p, q are real numbers, p? + g # 0, m is a positive integer, and A is a real matrix, then the
matrix a-fractional integrals

Rqm
(o) [(A mx%) " @ Eo(pAX)®¢ cos,g (qAx“)]

I'(a+1)

[=0(k—1)/2£2[+1(—1pt—2/—192/+1 sinagAra , (24)

my  (-1kk! 1 ®q (m—k lks2) (K P k—2j 2]
=5 () o (42 v) ™ @ BupAx )@, £ () (1P - cosy(aax) +

And

Rqm
(o) [(A ) BB (pAx)®, sina(qAx“)]

my  (-)kk! 1 ®q (m-k k k—2i 27
o (1) o (4 x) ™ @ Eapax®, [T (5,) (C1PH g% - sing(qax) -
[=00k—1)/242[+1(—1)pk—2/—1g2[+1-cosagAra . (25)

I'(a+1)

Rqgm
Proof (,I%) [(A x“) ®q E,(pAx*)®, cos, (qAx“)]
= ;)—T:ln [( OI)‘})[Ea(pr“)®a cOoS, (qAx“)]] (by differentiation under fractional integral sign)

[E (pAx*)®, [ 2eq? 505, (qAx%) + sma(qAx“)]] (by Lemma 3.3)
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m
1o (1) o B (pAX )@y o [ 05, (4AX) + L sing (qAx)]

my (-nkk! 1 ®q (Mm—k) k ki o
=310 () o () ®uEalpAx®, [T () (1P g2 - cosy(qax®) +

I(a+1)

[=00k—1)/242(+1(—1) pk—2/—1q2/+1 sinagAra . (by Lemma 3.2)

On the other hand,

Rqgm
( 01)1(1) [(A F(a1+1) xa) ®a Ea(pra)®a Sina(qAxa)]

ddp [( ol [Eo(pAx®)®, sma(qAx“)]] (by differentiation under fractional integral sign)
dpm [E (pAx*)®, [ ed? sin, (qAx*) — cosa(qAx“)]] (by Lemma 3.3)

m m a a a
k:O(k)d m— k[E (pr )]®a dpk [pzi ZSlna(qAx )_ +q2 COSa(qAx )]

=3 () i ()™ @ B pax 9@, [11 (5,) (1 P* 0 - sing(aax) -

(P2+qH**1 " T(a+1)

[=0(k—1)/2£2[+1(—1pk—2(—1g2/+1 cosagAra . (by Lemma 3.2) g.e.d.

IV. CONCLUSION

In this paper, based on Jumarie’s modified R-L fractional calculus, we find the exact solutions of two fractional integrals.
Integration by parts for fractional calculus and a new multiplication of fractional analytic functions play important roles in
this article. In fact, the major results we obtained are natural generalizations of the results in classical calculus. In the
future, we will continue to use our methods to study the problems in applied mathematics and fractional differential

equations.
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